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Abstract
In this paper continuity of the Continuous HankéH@rd Wavelet TransformHV#, of function @ in terms of a

mother wavelety is investigated on certain distribution spaces witee Hankel transform ofy/ defined by

(f/(X, y) ac” (Rf) . A Sobolev space boundedness result is obtained.
Mathematics Subject Classification: 44A20, 42C40, 46, 33C05.

Keywords: Continuous Hankel-Clifford wavelet, operator, Sobolev space, distribution spaces.

1. Introduction

MéndeZ8,9] investigated the following Hankel-Cliffordaisformation
RO =y 09)"9,[2py ] f (x)ax | (L)
0

J, (X) being the Bessel function of the first kind of er? = —1/ 2. Throughout this paper it is assumed that

v=-1/2 and @l Ll(R+) R = (0,00) . In inversion formula, the functiof can be recovered from its
wavelet transform when the wavelgt satisfies admissibility condition as shown by Liaks Gorty in [3].

Theorem 1.Let ¢ O L (R+) be a basic wavelet which defines continuous Ha@hiéford wavelet
transformation [3]. Then, for

z/?(w)|2dw>0, (1.2)

A‘, — J‘W—zv—slz
0

which implies

II((HLW f )(b a) f)(b,a)((Hw f )(b,a)g)(b,a) a”® ¥dadb=A,(f,g) (1.3)

forall f,gOL*(R,).

Using theory of H , space of Zemanian [2], Prasad [5] investigatedHhakel-Clifford wavelet transforan

defined as follows:
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00

~ —_—

(B,9)(b.a) = [(bu)" 3, (bu) g(u)¢ (au) du, (1.4)

0

Where(AO(u) =(h@)(u).

Assumed that for any real numbgx,(J satisfies as in [6].
v-1
0y) 2 & (%)

where C, > 0Qis a constant ang/ denotes the Hankel-Clifford transform of the basavelety. The class of

(1+x) <C o (1+y)7",01,mnON,. (1.5)

all such wavelet// is denoted by va .

Thus the Hankel-Clifford transform with respectxoof lﬁ (ax) ,

h|(h @) |(ae)= & (x)2 3,[20x¢)"] (h (@))(ax)ox. (1.6
0

Notation and terminology of Méndez [9,10] is us€de differential operatof), = X" DXXMDx is defined by

A, =xD*+(1+v)D (1.7)

From [1, 2] it is noted that for anggL1H,

h (8,9)=-yha (18)
k

(d/dx)* () = Z(l;](d 1dx)” g(d 1 dx) (1.9)
w=0

r — \ 2j r+j
A p(X) —JZ:;bjx Hd7dx) ™ @(x) (1.10)

Wherebj are constants depending only pn
Definiton 1.1 A tempered distribution @] HL(RJr) is said to belong to the Sobolev space
G*(R,),s/yUR,I< p<o if its continuous Hankel-Clifford transformh),@ corresponds to a locally

integrable function overR+ = (0,00) such that
ldG*(R,)= L [1 {1+ &) (hg) (o) de (111)

2. The Continuous Hankel-Clifford Wavelet Transform

Méndez [9] has defined the spat®, , and H, , as follows:

,a

Definition 2.1 Let v be an arbitrary real numbeszv denote the linear space consisting of all compkdked

smooth functions{ﬂ( X) on | such that for every pair of nonnegative integ(ems k), the number
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yfn;”k(ga):suqu(d /dx)k qa(x)‘<oo k=0,12,. 2.1)
xOR,

Definition 2.2 From Méndez [9], ifv are arbitrary real parameters. L&tdenote a positive real number. Then for
eacha and v, we defineH,, . as the space of testing functio¢2€X) defined on0 < X < oo and for which

e (40) = e‘aXA‘;qo(x)‘ <o k=0,1,2,. 22)

The topology of the spacdsl,, and H

v,a

are generated by the seminornﬁ:yi‘f(} ::O and {lylf’a} ::O. It follows

from Definition 21 and 22 that H,, and H, , are Fréchet spaces. We define

v,a
2V

oz (g)=maxy? (@); p* (@)= maxy’?(¢) (2.3)

0< y<k 0< y<k
Then 02 and p,* define a norm on the spadd,, and H
[2], we can write

™ (d / dX T v+l( j{ X—V\]Hm[zﬁ]} dy. (2.4)

0

v.a respectively. Following technique of Zemanian

Theorem 2.3The continuous Hankel-Clifford wavelet transfoBM, is a continuous linear mapping dfl,, into
H

Proof: Let z=X+iy and v =>-1/2, the continuous Hankel-Clifford wavelet transforlBV'w has the

v,a*

v

representatuo@ wqo)(za :z.[ 2u EJV[Z\/E](I*(V@(U) (he(au))du;v=-1/2.  b>0and

(h,qo)(u) (h/g[/(au))DLz(O,b) if and only if (Bv’w(l))(z,a)DLz(0,00) ,Z( Bvlwqo)(z,a) is an even

entire function ofz and there exists a constdBt such that in [7],

(B,,9)(2z.8) < Cexplbly]) [z Let I H,, then

(B.48)(22) =2 (2) 23,[ 2] (h)(u) (hy(au))du;v > -1
= | (o) (u) (he (au)) |(2).

Applying the technique of the Zemanian for fix@drom (2.4),

(8.00)(20) =[] S (@) (1)) <3, 202 et

O T
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So that
‘e‘byzq (B,,9)(z a)‘

<0100 fta)na) )]

m

<13 sy () x(ar ) (n )

=0

J oo [2\/z_u ] e™"|du

XSURJ, o0, [ 2/ ] e

zZu

du.

o'—.c o'—.c

du.

<[5 7 oo 100 o) < w4 (e o[ e

Applying in equalities (B) and (21), then from the above, we have

j Z[ jc (o)’ Vf,‘z“m_s(w)xingv+2m[z/?u]e—by2q
sszr:[ :])C (1+u)” yhs (hyqo)suq V+2m[ z/z_u]e-bvz“

du .

b
j du . (2.5)
0

) ch (L0 b ()3, 22 | €
‘e_byzq (BV,l//(o)(Z’ a)‘S g(zgnjcs (1+ u)p yt?,JZ/m—s (h/(ﬂ) Jycam [ 2\/5] e_byzq

This completes the proof of the theorem.

3. The Sobolev Type Space

The Sobolev spac@f’p(R+) is defined as in [5] by (1.11). In the followinge shall make use of the following

norm onG;'?(R, X R, ) in the proof of the boundedness result

1/p
IS (j [ (1+ €)1+ 72 ThaE) adednj o0, ( Bx B)
Lemma 3.1Assume that for any positive real numylargfl(x) satisfies

(d/d0) @(x)| <G, (1+X)7" . DION,. (3.1)

then there exists a positive constant C' such that

W[ @)](ee) < wray™ (1e?) @2
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Proof: From the definition (B), it implies
h[(he)](a)= & j 23,[2/%¢] (hy)

So that from [4],
(1+€) [ () (22) fj (xé)29,[25€ |(-2,,) (nw)(ax)ax 9

0 ¢,al0R,,I 0N, andh, , defined as (). Now,

@—AWYG@Bwnzij?y—ﬂahﬁwﬁw@

r=o\ [

= 'Zm(—l)' gbj X (d 10k ((har) (a)) (3.4

r=0

Hence by (3.3) and (3.4), and inequality (3.1) hage
\nW J(@e)

L
ey e

r=0 j=0

J(—l)r H(x{)‘z 3,[ 2/%¢ [ (d 1ax)"™ tﬁ(ax)}dx
[ 2 Jo

![ )23,[ 2/x] X b (d /dx)”j(m(ax))}dx

-

<1+¢7)" 23 b (l

=<\

<(1+a)”? (1+&2) 522( i) J(j " T1+x2'”’ " (x€)

0 0

l\:\t

choosingl — j > p/ 2, conclude that

<C(1+a)"? (1+&2)"

n[(n (@))] (=)

Definition 3.2 Let (h,z//)(af) be a wavelet ier defined by (1.5). Then the continuous Hankel-Ciifffo

wavelet transforrer#, has the representation

(B,,9)(y.x) = y”]g (yn)_% J, [ZM](PLQU(XO))(W/’) (7)dnexists forgOH,, (R). (3.5
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Theorem 3.3For any wavelet ¢/ [JH, the continuous Hankel-Clifford wavelet transform B, , admits the
representation

v

(Bu0)=] ] |00V ()%, [205€ () > [ 2 | [ En) no)r)aean. e

existsfor @lIH,, (R+) :
Proof: From definition (3.5)

(BV,,/,(/J)(yx)
n)23,[ 20y |(hw () (he) ()

] () 0, [ 26 eI () o

=T (o) (x€) 2 3,[ 2% |(yn) 2 3, [ 27 |(h@) () (h ) (7) décr.
The last integral exists becaué@(a)( ) OH,, (R+) and (h,lﬁ)(f/]) satisfies the inequality (3.2).

Corollary 3.4 For any wavelet h¢/ [JH? " the continuous Hankel-Clifford wavelet transform h, ( , w(p)(f I])
admits the representation

h, (8,,)(¢.7) = (he (&7)) (o) (7). (3.7)

where@llH,, (R+) .
Proof: The right hand side of (3.7)

(har (&m))(he) ()
h[(he) () |h[(he)(n)]
13

1
\<t
—8 o3 ot_,g
1
—
<
S
|
NI<
(&N
<
1
N
<
S
L 1
f—|
o'—.8

4 4

'] ()23, [ 20 () () XX/?I y7) 2 3,[ 2/y7 |(he)(y)dy

4 4

- m)”"j]’[xs )% [ 20y =3, [ 20 [ () ) () )|y
=h/(va )

Theorem 3.5Let hy [ Hf and (Bl,’w(l))(y, X) be the continuous Hankel-Clifford wavelet transform then

thereexists D >0 suchthatfor pOOR, and [ON, ,
(B,,9)|c:° (R G )2P (R ), 0g0H,, (R).
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Proof: Using Lemma 3.1, we have
(8,,9)|G" (R *R.)

| (1+ &) (1+ n*)'n(B,,9)(¢ n) ‘IdfdﬂJup

/—\\
O ;38
8

| (1+ &) (1+ 72) (har(ém)(ho)(n )Tdfdnj/p

1
VR

o—38 Ot—38
o—238 o—38 ©

| (1+ &) (1+ 2%) tn(ne)(@n) (he) \dfdnjp

IN
TN

| (1+ &) (1+ n?) e (#n)™ (€ (he) ()P dfdn]l/p-

IN
VR

O3
o—38

Note that

(1+/7)p+2| < 2(‘”2')’2(1+/72)(p+2')/2 o= C
and

(W)™ < (1+2) ™" o<,
Therefore

(1+7)™ < max( 1, é“z')’z)( 1H72)(p+2|)/2
Hence

H ,09)|G" (R XR.)

m (e )7 (10 07 e maf 2277)( 277" (hg)n )pldfdnj/p

(I (1+ S”’*z' ’Z(rm)( )‘ dnT/pm 1+ &) "de jﬂp .

where C" is certain constant. Thef integral is convergent a$ can be chosen large enough so that

“(B )lGs® (R xR.) < D|(he)| G (R,).

4. Product of twocontinuous Hankel-Clifford wavelet transforms

Let B,, and B, , be two continuous Hankel-Clifford wavelet transfsr of L1gL] HZ’V(RJr)defined as
follows:
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=] (du)? 3, [2/du (s (o) (h ) (u) o

which can be written as

(B ) (0.2) =0 | (bu) 2 3, [ 2bu |; (au) #{u) cu @)

and

(B.0,9)(dc)=a" | (du) 29, [ 2/du |, (cu) o(u) du @2

oOt—38

Then, their producB, ,0 B, , or B0B, is defined by

B(b,a,c) =(BoB,)(b.ac)

=va (bu)_% JV[Z\/E] “l(au)[h,(szrp)](u,c)du (4.3)
=t [ (bu) 9 3, [ 2bu ], (au) 7, (cu) o(u) du (4.4)

—b”_([( )%J [2\/_] (a,c,u) g(u)du.

where @ denotes the continuous Hankel-Clifford wavelet nsfarmation  of @ and

)((a, c,u) =(/71 (au)([/2 (cu) , provided the integral is convergent.

~

Theorem 4.1Let ¢J; (au)OH2 and ¢, (cu)OH/*, then for certain constant exists C, >0 such that for
PP UR,,

" +B.,.9)(b.ac)

G:* (R xR.)<C,[¢G]

s+2l+ (m+p5)/2,p (R )

Proof: By definition (4.3),

(Bwa(p)(b,a,c) b”J'( u)2J

I\)\T

[2\/_] )[ (Bv,wzcﬂ)}(u,c)du.
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From (4.4), it follows that(B qo) has continuous Hankel-Clifford wavelet transformatioquel to

g (), (cu) ¢(u).

Therefore

H( BBy, (0) (b,a,c)

{1
Since from (1.5)

g, (au) <C,, (1+u)* (1+a)”
SCle max( 1, ép1+2|)/2)( :H_uz)(pl+2|)/2 ma£ 1'2/2)( -!:az)_llz

6:* (R xR)

| (1+u?) (1+ a®) ¢, (au),(au) @(u) TdaduJ p

O'—.S

and

#,(au)|<C,, (1+u)*™ (1+a)’
SCpZ,I max( 1 ép2+2|)/2)( ]:I_UZ)(pz+2|)/2 ma£ 1,2,2)( iaz)—uz

Therefore

)(b.a.c)

]:II (1 + u2)5(1+ az)s
<m0 ) maf 1) 129

xC, | max( 1, é"2+2')’2)( Hu )(p2+2| maf 1,27)( ¢ 2)_”2 ¢(u) |dadu

I(B,..B G:"(RxR.)

Up

00

<C,,, U

0

sl

)|

o | (it rewymo i ra]

Where C,Ol,,oz,l is certain positive constant. The right hand sifithe integral can be made convergent by choosing
| sufficiently large, so that

)(b,a.c) srAaelze (R Y,

G*(R.xR)<C,|¢G;

(8B

Where C, is positive constant.
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